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LARGE FINANCIAL MARKETS: ASYMPTOTIC ARBITRAGE AND
CONTIGUITY*

Yu. M. KABANOVt AND D. O. KRAMKOV$

(Translated by Yu. M. Kabanov)

Abstract. We introduce a large financial market as a sequence of ordinary security market
models (in continuous or discrete time). An important property of such markets is the absence of
asymptotic arbitrage, i.e., a possibility to obtain "essential" nonrisk profits from "infinitesimally"
small endowments. It is shown that this property is closely related to the contiguity of the equivalent
martingale measures. To check the "no asymptotic arbitrage" property one can use the criteria of
contiguity based on the Hellinger processes. We give an example of a large market with correlated
asset prices where the absence of asymptotic arbitrage forces the returns from the assets to approach
the security market line of the CAPM.

Key words, large security market, no-arbitrage, equivalent martingale measure, contiguity of
measures, Hellinger process, Capital Asset Pricing Model (CAPM)

1. Introduction. The fundamental theorem on asset prices by Harrison-Pliska [3]
which gives a criterion for the absence of arbitrage in a finite discrete time security mar-
ket has the following intuitive formulation: "If one cannot win betting on a process, then it
must be a martingale under an equivalent measure" [1]. Thus, it provides a converse to the
classical property "one cannot win betting on a martingale". Certainly, the well-known "St.
Petersburg paradox" shows that the last statement is not absolute. Nevertheless, there are
a number of other models where it still holds, possibly after a certain modification. We have
a similar situation with the Harrison-Pliska theorem.

This theorem for a finite discrete time model in its natural formulation, i.e., without
additional restrictions, has been proved comparatively recently by Dalang, Morton, and
Willinger, [1] (for other proofs see [8], [11]). Continuous time models, as well as models
with infinite horizon and/or infinite number of securities are now extensively studied by a
number of authors (see, e.g., [2], [10], [11]). The problems turn out to be very delicate. One
needs to modify the notion of "no-arbitrage" or "no free lunch" in order to obtain satisfactory
theorems.

The present note also deals with such a modification. On an informal level one can
think about a financial market with a "large" (infinite) number of traded securities. An
investor is faced with the problem to choose a "reasonably large" number n of securities to
make a self-financing portfolio. Starting from an initial endowment V0n, a trading strategy

leads to the final value V7( where the strategy and the time horizon T depend also
on n. If an "infinitesimally" small endowment gives an "essential" gain with a positive
probability (without any losses) we say that there exists an asymptotic arbitrage. To give a
precise meaning to the above notions, it seems natural to consider as the model a sequence
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LARGE FINANCIAL MARKETS: ASYMPTOTIC ARBITRAGE AND CONTIGUITY 183

of filtered probability spaces rather than a fixed one of the traditional theory. Such a device
is of common use in mathematical statistics and we can apply the results of the latter in the
present context.

At the end of the paper we give an example of a "large" market where the prices of
securities are described by correlated diffusion processes. If these processes are geometric
Brownian motions, the absence of asymptotic arbitrage is equivalent to a certain relation
between the coefficients analogous to that arising in the classical Capital Asset Pricing Model
(CAPM).

2. Asymptotic arbitrage and contiguity of martingale measures. Let B
(tn,n,Fn (t), pn), n E N, be a stochastic basis, i.e., a filtered probability space
satisfying the usual assumptions (see, e.g., [5], [6]). For simplicity we assume that the initial
a-algebra is trivial (up to Pn-null sets). Asset prices evolve according to a semimartingale
S (S) defined on B and taking values in R_ for some d d(n).

We fix a sequence T of positive numbers which are interpreted time horizons. To
simplify notations we shall often omit the superscript on T.

We shall call (Bn,Sn,Tn) a security market model and say that the sequence M
{(B S Tn)} is a large security market.

It is assumed that there exists an asset the price of which is constant over time and
all other prices are calculated in units of this asset. Markets are frictionless and admit
shortselling.

Let P be the restriction of pn to the a-algebra
We denote by P the set of all probability measures Pquivalent to P and such that

the process (S)tgT is a local martingale with respect to P. Of course, it may happen

that P is empty. The existence of a measure P P is closely related to the absence
of arbitrage on the market (Bn, Sn, Tn) (see [1], [31, [ol-[31), whi th uniqueness is the
property connected with the completeness of the market [3], [4].

Our main assumption is that the sets P are "nonempty for all n.
Let ISn] be the quadratic variation of Sn, i.e., the process with values in the set of linear

continuous maps from Rd into itself such that, for any x Rd,

t<T

where (Snx, x) is a continuous martingale part of (Snx, x), AXs Xs Xs-.
We define a trading strategy on (Bn, Sn, Tn) as a predictable process n with values in

Rd such that the process

is locally integrable with respect to P. For any trading strategy n the stochtic integral

is well defined and does not depend on a particular choice of P. The process n. S is a

local martingale with respect to P (and a semimartingale with respect to P) (see [5], [6]).
We shall consider on (Bn, Sn, Tn) also simple trading strategies which are predictable

processes of the form
k

i:0

where gi are $-measurable random variables with values in Rd, Ti are stopping times with
respect to F such that 0 T0 n+ T.
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184 YU. M. KABANOV AND D. O. KI:tAMKOV

For a trading strategy n and an initial endowment xn a value process Vn (pn) is given
by

Vn(an) xn + n S xn + (,dS).

We shall include a positive number xn (an initial endowment) in the definition of a trading
strategy.

DEFINITION 1. A sequence of trading strategies n realizes an asymptotic arbitrage of
the first kind if

la) n(n) 0 for all t T;
lb) limn V(n) 0 (i.e., limn xn 0);
lc) limn P(V() 1) > 0.
DEFINITION 2. A sequence of trading strategies n realizes an asymptotic arbitrage of

the second kind if
2a) n(n) C for all t T and some positive constant C;
2b) limn V(n) 0;
2c) limn Pn(V(n) ) 0 for any e > 0.
To achieve "almost nonrisk" profit from the arbitrage of the second kind, an investor

sells short his portfolio. The constant C is interpreted as a bound for the total debt value.
DEFINITION 3. A large security market M {(Bn, Sn, Tn)} has no asymptotic arbitrage

of the first kind (respectively, of the second kind) if for any subsequence n there are no trading
strategies n’ realizing the asymptotic arbitrage of the first kind (respectively, of the second

kind) for {(Bn’,sn’,Tn’)}.
If in the above definitions we admit only a simple trading strategy, then it is quite natural

to use such terminology "simple asymptotic arbitrage", and so on.
The following notion is well-known in mathematical statistics (see [6]).
DEFINITION 4. A sequence of probability measures (P) is contiguous with respect to

(P) (write (P) (P)) if for any sequence of sets F e with P(Fn) 0 we have

P(r) 0.
PROPOSITION 1. (a) If (P)(P) for some sequence P , then M has no asymp-

totic arbitrage of the first kind.
(b) If (P) (P) for some sequence P , then M has no asymptotic arbitrage of

the second kind.

Proof. (a) Let n be a sequence of trading strategies realizing the asymptotic arbitrage
of the first kind. The process V (n) is a non-negative Pn-local martingale, hence, a pn_
supermartingale and

EV() EV() 0

.by lb). Thus, Pn(V(n) 1) 0 and, by virtue of contiguity (P) (P), it follows that
P(vn(n) 1) 0 in contradiction with lc).

(b) Let n be a sequence of trading strategies n realizing the ymptotic arbitrage of
the second kind. In view of the contiguity (P)(P) it follows from 2c) that Pn(V(n)
e) 0 or, equivalently, n([V(n)]+ ) O. Since 0 [V(n)]+ C this implies
that n[V(n)]+ 0 n . The bounded process [Yn()]+ is a n-submartingale.
Thus,

contradicting 2b).
PROPOSITION 2. Assume that for any n the set P consists only of one point P. Then,
(a) (P) (P) g and only g there is no asymptotic arbitrage g the first kind;
(b) (P) (P) gd on gh i o aoiigth ond kind.

Proof. (a) Assume that (P) is not contiguous with respect to (P). Taking, if neces-
sary, a subsequence we can find sets Fn such that pn (Fn) 0, pn (Fn) > 0 as
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LARGE FINANCIAL MARKETS: ASYMPTOTIC ARBITRAGE AND CONTIGUITY 185

n --, x), where > 0. Let us consider the pn-martingale X En(Ir n). It follows
from [5, Thm. 11.2] that there is a predictable process n which is a trading strategy and

Since

and

x x + v. s v(v).

yo() EIr P(r) --, 0,

limpn(v( >- 1) --limPn(V( -1) -limpn(F -/ > O,

the trading strategy anffealizes the asymptotic arbitrage of the first kind.
(b) Assume that (P) is not contiguous with respect to (P). Taking, if necessary, a

subsequence we can find sets F E ’ such that pn (Fn) __, 0, pn (Fn) __, /> 0 as n --for some /> 0. Again let us consider the bounded Pn-martingale X En(Irn ’). Let
o be the trading strategy such that X X +n S V (n). We have

V(n) V(n) EnIr p(r) > 0,

lim Pn (V(on)n >__ ) limP(rn) 0.

Thus, o gives the asymptotic arbitrage of the second kind.
If asset prices follow a continuous processes, then the above result can be strengthened.
PROPOSITION 3. Assume that for any n the process S is continuous and the set

consists only of one point P. Then,
(a) (P) < (P) if and only if there is no simple asymptotic arbitrage of the first kind;
(b) (P) (P) if and only if there is no simple asymptotic arbitrage of the second kind.
The proof follows immediately from Proposition 2 and the following lemma.
LEMMA 1. Let (B, S, T) be a security market model. Assume that S is continuous and the

set 7T is nonempty. Then for any trading strategy o with value process V(o), 0 <= V(o) <= 1,
there exists a simple trading strategy such that

(i) Vo()= Vo();
(ii) 0 =< V() _<_ 1;
(iii) P(I V()- Y()I=> e) <= e.

Proof. Let P be an element of 7T. Since V() is bounded, it follows that

E d[S]tt, <

Approximating by predictable step functions in L2(dPd[S]), we find trading strategies
with the same initial endowments V0(j) V0() such that -a.s (hence, P-a.s.)

lim sup I(y) V() I-- 0.
j

_
T

By stopping at the exit time of V(j) from [0,1], we may assume that 0 =< V() <= 1 (due
to continuity of S). Thus, we can choose a trading strategy for some j which satisfies
(i) and (ii) such that (iii) also holds.

The lemma is proved.
Remark. The assertion of Proposition 3, certainly, holds for the discrete time case (where

all trading strategies are simple).
Propositions 1-3 relate the absence of asymptotic arbitrage to the problem of contiguity.
We recall now basic facts about contiguity of probability measures on a stochastic basis

(for a detailed exposition see [6, Chap. IV, V]).
Let (,’,F) be a filtered space with probability measures P, P and Q (P + P)/2.

Assume that " is complete with respect to Q and (for simplicity) that ’0 is generated
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186 YU. M. KABANOV AND D. O. KRAMKOV

by Q-null sets. Define local densities zt dPt/dQt, zt dPt/dQt. For c El0, 1[, let
zt z The positive bounded process ]((c) is a Q-supermartingale. The Hellinger

process ht (() ht (c, P, P) is a predictable increasing process defined from the multiplicative
decomposition Y;(c0 Mt()$t(-h(a)), where M() is a "local" martingale starting from
zero, :(-h(c)) is the Doleans exponential, i.e., the solution of the linear equation

The Hellinger process h(c) is uniquely determined up to the moment when the product z
hits zero.

The value ( 1/2 is usually omitted in the notations.
The Liptser-Shiryaev theorem gives the following criterion of contiguity:

pn pn)> =0 for all>O.(P) (P) if and only if lim limsup pn hT(a,
t---O n---(

In the case when the Hellinger process is continuous the criterion can be written in a simpler
form:

(P) (P) if and only if lim limsup pn hT(Pn, pn) >__ K O.
K--.0

For specific models the Hellinger processes can be calculated in terms of the semimartingale
characteristics (see, e.g., [6], [7], [9]).

Example. Let (12,’, F (’t), P) be a stochastic basis with a countable set of in-
dependent standard one-dimensional Wiener processes w, E Z+, let F (’) be the
filtration generated by wi, 0 <_ <_ n. The behavior of stock prices is described by the
following stochastic differential equations:

dXOt o o o .To o
at Xt dt + at At awt,

,,(,o( )ozt,Xtdt, -I" o’t,Xt "ytdwt -t 1- (,.y)2 /2dw

starting from some deterministic initial points. We assume that c and a are scalar Fi-

predictable bounded processes, -i is a Fi-predictable processes taking values in.I-l,1[. To
avoid technicalities we assume, moreover, that ai I_-> ci and c 51 "Yi 15 1- c for some
positive constant ci.

Notice that the processes i with

are Wiener processes. The model reflects the fact that there are different kinds of randomness:
proper to each stock itself and originated from some common source and accumulated in the
stock "index" the evolution of which is described by the first equation.

Put /a /a.
),P) with the (n + 1)-Let us consider the stochastic basis B (t,.T’,F n

dimensional semimartingale S (Xt,X,...,X). Let T be the time horizon. The
sequence g {(Bn, Sn, Tn)} is a large security market with one-point sets P. Under the
measure P the processes 0, , =< n, are Wiener processes with

d--- (C- fOZt0)(O’)--1(1- ()2) -1/2
dt + dw, t <= T.
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LARGE FINANCIAL MARKETS: ASYMPTOTIC ARBITRAGE AND CONTIGUITY 187

The Hellinger process h ht(P, P) is given by

ds, t <= T,
i=l

(this follows from the general formula for the Hellinger process for multi-dimensional diffusion,
see, e.g., [9, Thm. A2]).

PROPOSITION 4. (a) There is no simple asymptotic arbitrage of the first kind if and only

lim lim sup pn (hr >= K) 0;
g-,c

(b) there is no simple asymptotic arbitrage of the second kind if and only if

lim lim sup pn(h >= K) O.
K--. n---

This assertion follows immediately from Proposition 3 and the criteria of contiguity.
Assume that all cn, n, and a are deterministic, and T tends to T > 0. Then M

has no simple asymptotic arbitrage of the first or/and the second kind if and only if

ds<oc.o

i1

In the more specific ce when all parameters are constant, a 15 C, ]i ]5 1 -c, and T
is finite, we can see that M h no ymptotic arbitrage of the first and/or the second kind
if and only if i i0 T ui, where (ui)2 < .

Notice that the meure of risk has a clear economic interpretation. It is the covariance
between the returns from the asset with number and the index divided by the variance of
the return from the index. The relation ia is nothing but the security market line of
the CAPM.
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